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GENERALIZATION OF THE MANLEY-ROWE RELATIONS 
FOR NON-PERIODIC SIGNALS CONSTRAINED 
IN 'BANDWIDTH WITH FINITE ENERGY 

by 

Peter Proksch* 


Cfiicul rel.it inn« for the energy spectral densities of non-periodic .signals constrained in band* 
width in nonlinear reactances are derived. It is assttmed t lt.it the charge-voltage rliaraf terist ics 
of the reactance*. arc polynomials, in addition teriain conditions for the frequency hands of tho 
must lie met. 

By conti .Lt with tlic Manlcy-Boue relations integiaK nith respect to frequency appear 
instead of the ratios power over 'frequency. The integrands are energy spectral densities divided 
by^freqttencv. . . ... 

-"'For parametric devices inequalities ran he derived for the ratios of the energy levels ill the 
different circuits and tile limiting frequencies of the energy spectral densities. With these in* 
equalities it is possible to determine limits for the energy levels. 


1. Introduction 


Manley and Rowe [1] gave general power relationships for nonlinear reac- 
tances. They assumed that the electrical variables consist of sinusoidal 
functions with two non-coromensurable basic frequencies and all of the combina- 
tion frequencies. These relationships apply- for nonlinear reactances with 
unique but otherwise arbitrary characteristics and for arbitrary values of the 
power components corresponding to the individual frequencies. Rowe [2] also 
showed that the relationships apply for linear reactances which change in time. 
Several authors derive the Manley-Rowe relationships in other ways and have 
extended them for the general case of an arbitrary number of incommensurable 
basic frequencies [3] - [7]. The most important feature of the Manley-Rowe re- 
lationships is the fact that they give a simple explanation for the operation 
of parametric amplifiers and mixers and allow one to obtain important informa- 
tion about their operation. Manley and Rowe [1] also found relationships for 
the reactive power components which are associated with a nonlinear active re- 

*Dr. P. Proksch, Institute for High Frequency Technology, Technical University, 
Gusshausstrasse 25, A-1040, Vienna, Austria. Communication from the Institute 
for High Frequency Technology, Technical University, Vienna. 
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sistants. 


In the present paper we will derive* relationships for the components of 
the spectral energy density for nonlinear reactances. We will assume that the 
time functions which occur are non-periodic and have a limited frequency band 
and that the characteristics of the nonlinear reactances are polynomials. Using 
these relationships, we can obtain information about the energy components in 
the circuits of parametric circuits if non-periodic electrical variables occur 
in them. This seems to be of interest both for stochastic processes (noise) 
as well as for communication functions, because for information transmission 
one requires non-periodic functions. 

In addition to .the assumption on the nonlinearity of the reactance accord- 
ing to a polynomial, certain assumptions about the position of the components of 
the spectral functions of the current and the voltage along the frequency axis 
must be satisfied. 

If information about the power and energy components is to be obtained 
which corresponds to the individual circuits of parametric amplifiers and 
mixers, then from this paper we cannot derive equations from the relationships 
derived. Instead, we can derive inequalities which can be used to give limits 
for the energy components. From the Manley— Rowe relationships, one obtains re- 
sults for the power levels only when if one also assumes that only power com- 
ponents occur as individual frequencies due to the use of ideal filters. The 
relationships derived in this paper then allow one to derive information when 
no ideal filters are used. 


2. Sinusoidal Processes 

We will briefly describe the relationships when there are sinusoidal 
functions with q non-commensurable basic frequencies 

and the infinite number of combination frequencies', before we discuss non- 
periodic time functions with limited frequency band. r It is. assumed that we 
have a nonlinear capacitor, whose voltage depends on the charge as follows 

( 1 ) 

and r is a natural number. . The constant a is said equal to 1 in the following 
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because this changes nothing to the .results. 


We will use the following abbreviation for the combination frequencies 


Jig, m. 


« —oo<Zv 


i - 1 


The charge and the current can then be written in the form 

ff(0 = 

«l 

» (0 — 2 /«. 0X P (i <»“■ 0 


( 2 ) 

(3) 

(4) 


We are taking a sum of _q. terms over the subscripts n n to n_ (the -sums are taken 
between .tq_ + ml).. 


OO <30 


2=2 2 - 2 


(5) 


and we will use the following for the complex Fourier amplitudes of the charge 
and the current 


Qnt — Id “^<i V 

“We then obtain the following for the voltage from equations (1) and (3) 


. * - ■ "«(/) = 2 —“2 (j 2 fo ««. / ')' 

fdi ii/i V / 

We have the following abbreviations 


2 = 2 2 - 2 . 

i'K »u»-w nnn-oo H|,>«“CO 


^?Jlu Qh », ' 

1=1 


( 8 ) 

• (9) 

.(- 10 ), ( 11 ) 


For those sum and equations in (8) which have the same frequency W n ^» we must 
have the following according to equation (11) 


2'Uf = »i 

i-.. ! 


( 12 ) 


We can summarize these sum terms in the simplest manner by setting the following 

(13)' 


for the subscripts n^ 


w ll = H t— V2t «rf 


From equation (8) we then obtain 

«(0 — 

= 2 2 — 2 <?*«, • * ■ 4C <?«;- «=. — "<> cx p (i »*.0 • 


( 14 ) 


l»l «« 


o^o'oP. 
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We then obtain the following for the 
complex amplitude of the part of the 
voltage with the frequency w n 

. L f ,'„ = 2 (15) 

yin «»• 








0m, H»r»i 


—-Fig. 1. 'Greatly simplified replacement 
circuit of a parametric amplifier with 
filters which are tuned to the frequen- 
ciesjW 1 ,W 2 and Wj + W 2 . 

I 

In the case of parametric amplifiers and mixers, components of the charge 
and the current only occur at the three frequencies «i,o = »i. wo.i - and ~ 

Figure 1 shows the greatly simplified replacement circuit for a para--. 
metric amplifier. Figure 2, a shows the positions of the spectra of the current, 
charge and voltage if we assume quadratic nonlinearities of the capacity (r - 2) 
and also that o> 0 .i< 2w ‘.o • We also have a second case with an arrangement of the 

I 

frequencies along the frequency axis which is basically different for the one 
shown/ in Fig. 2, a. For this case we have • 


Here we .have 

(16) 


3. Non-periodic Frequency Band Limited 
• Processes with a Finite Energy Content. 

We will now consider processes which consist of non-periodic and frequency 
band limited time processes, in such a manner that the sine function in the time 
functions are replaced by equations (3) and (4) in each case. The nonlinearity 
of the capacity is again represented by equation (1) . The total current through 
the nonlinear capacitor, and the corresponding charge can then first be written 
in the following form 1 

• ?W = 2 »-<0 = 2C(0 (17), (18) 

m mi 

where 

*».(0 — df/fl, (/)/<!/ (19) 

Instead of each of the exponential functions in equations (3) and (4) , we now 
have a time function with a limited frequency band, which has the same subscripts. 
These time functions are complex. However, since we are only considering real 
processes, we have the following for the components of q(t) 

■ (20) 

and two components with the subscripts n ± and -n.. can be combined into a real 
time function. The corresponding equations also apply for the components of 



pj\G£ 


\S 




0? 

all of the other physical variables. 


From equations (1) and (17) , we 
obtain the following for the voltage 
at the capacitor 

w(0 = : 2'** 2?»«.( , )" , 9 <m(0* (21) 

Mil Ntf 

By converting the subscripts according 
to equation (13) , u(t) can be decom- 
posed as follows into components which 
will be called « n .(0' 


«</) = s (22) 

«n.{0 — 2*" -«rt(0-. (23) 

Mil «*i 

Compared with the case of sine func- 
tions, the voltage also shows a non- ‘ 
periodic time function with the same 


i 

i 
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>i g ; 2; ‘ Position of the 'spectra of cur- 
rent, charge and voltage for a capacity 
with quadratic nonlinearity, (a) for a 
current which consists of three s ine __ 
functions with the frequencies 

<->!,0 = «!• = *'U 


subscripts as the exponential func— ■ c 
tion, instead of each of the exponen- 
tial -.functions -in equation ' (14) .". 


and = »i + •'>' 

b) for a current which consists of three 
non-periodic components which have a 
limited frequency band. 


We will -assume -.that’ .the- -Fourier, transforms ’(spectral functions) /(»).. 
/,',(«)■ Q('o};Q' u y<>j. L : (a>) and U'^w) corresponding to the t-ime- functions itf): fat}. 
and (t) exist. From equations .(17) -and' (20)., -we -then - obtain -the following 


Q (<o) = T <?». M . <?-...(<«) = Q'.’(- 1»). 


(24), (25) 


.Similar results apply for the current and the voltage. Also, we have 


fa«>) = j «<?*,(«) . 


( 26 )- 


By using the Fourier -transformation 'and" applying it to equation (23), we 

obtain the following for the components (oj) with the help of the convolutioi 

theorem . i co 

= J'^2- 

•*) Mil "ft — OO 



If the components q’.(t) are frequency band limited, then from equation 
- - . . ni 

(27) it can be seen that the components 'u^(t) are’ also frequency- band- limited. 

If for the case shown in. Fig. 2, a ve have non-periodic band limited time 
functions- instead. of sine, functions, ’ then, the spectral functions I.(w) , Q (to) and 
U(u) consist of components with the frequency axis position shown in Fig. 2,b. 
These spectral functions are obtained, for example, if in the replacement cir- 
cuit of Fig. 1, the AC voltage sources are replaced by generators which produce 
■ non— periodic voltages with a limited frequency band. The limited frequencies 
of the current components aremi.ou. f'M.oo. wo.iu. f"o.io- and m.\o , and in Fig. 

2,b we have assumed «>o,io<2<»i,ow • Here again there is an additional case with 
another configuration along the frequency axis. For this case we have «d.iu>2«i.oo # 
The later discussions can be applied to both cases in the same way. 

If the frequencies of the sinusoidal functions of the current (Fig. 2, a) 
lie in the frequency regions in which the corresponding components of I(w) are 
different from zero (Fig. 2,b) , then they also will lie in the regions in which 
components of U(oj) are different from zero. This is also true for the general 
case where to each sine function with a frequency we have a corresponding 

current and voltage component with a limited frequency band. 

For the general case we will now investigate the assumptions required 
about the position of the components along the frequency axis so that the energy 
relationships can be derived. Such assumptions must become the ones used for 
jthe derivation of the- Manley-Rowe relationships for the case of the sine func- 
tions. This is because the sine functions can be considered in special cases of 

the frequency limited functions. Manley and Rowe [1] assume non— commensurable 

basic frequencies and arbitrary nonlinear i ties . From the derivation of the 
Manley-Rowe relationships [1], one can also see that there the assumption was 

first made that two frequencies w . and a) . J to which the complex amplitudes 

^ nx mi 

I' . and U T . correspond, are only equal for the {case when all of the subscripts 
ni mx 

n. and ah agree. Therefore, we must .have ««, for n ^ m. . Tor the arbi- 

i i I 1 

trary nonlinearity case, this assumption can only be satisfied if, just like in 

[1], one assumes no commensurable basic frequencies. On the other hand, it is 
found that the basic frequencies must be non-commensurable if one restricts one- 
self to nonlinearities described by polynomials and where power components do 
not occur for all of the combination frequencies. This is, for example, the case 
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for what is shown in Fig. 2. 

Starting with the assumptions, we can make the following appropriate as- 
sumptions for non-periodic time functions: If all the subscripts n^ and m^ of 

two components of the spectral functions of current and voltage I^(w) or 
U\(w) agree, then for these a frequency region exists in which both are differ- 
ent from zero. If not all the subscripts coincide, then there are no values of 

w for which both I ’.(to) and U’.(to) are different from zero. If the frequency 
nx mx 

intervals within which I '.(to) and U’.Cto) are different from zero are called 

nx mx 

(0 T . and tO TT . , then these assumptions can be written In the following form: 

ikHi u kiQi i 

7T,, r\77>,- —0 for n - = m - ) 

«r.«.«0 for n. 4 m . 

x m 

(0/zero set) 

In the following we will investigate the conditions for which these as- 
sumptions are satisfied. If we first consider; a current, then we can see that 
a component I^.(to) does not actually have to correspond to each frequency 
Out of the frequencies we can always find two with an arbitrarily small 

separation along the frequency axis. If a frequency region is introduced at 
the point of each frequency where the component /«,(w) =r 0 , then these regions 

will cover one another in such a way that there is no value of w, where only one 
component I^(w) is different from zero alone. The assumptions (28) can there- 
fore only be satisfied if only certain components I^(tu) are different from 
zero and the others are zero for all values of a). 

Also, a voltage component lT^(io) must not occur for each frequency. This 
is only exactly true and possible when the nonlinearity of the capacitor does 
not have an arbitrary magnitude but instead is given by a power function or a 
polynomial. Otherwise, in the case where only individual components IV (w) 
were present, a component T1V (w) would occur for each frequency 

In order to test whether the assumption (28) is satisfied, the limiting 

frequencies of I’.(oj) and U’.(o)) must be known. The limiting frequencies of the 
nx nx 

components U’. (to), can then be determined from those of the components (w) 

in the following way: According to (27) , each component UV (w) in general again 

consists of sum terms which are derived by the multiple convolution of components 


(28) 


OfflGWA- 

OF POOR 
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of Q(w). The basic frequencies of these sum terms can be determined based on the 
process during the multiple convolution. The lower limiting frequency of a sum 
term is found as the algebraic sum of the lower limiting frequencies of the com- 
ponents of Q(w) under the 'integral sine in (27). For the lower limiting fre- 
quency of a component Q’^Coj) along the negative ferquency .axis, we use the 
negative upper limiting frequency of QV^a)).' Similar statements apply for the 
upper limiting frequency. If in this way we determine the limiting frequencies 
of all the sum terms of Q^(co) > then the lowest of all the limiting frequencies 
is also the lower limiting frequency of U^(co). The highest of all the upper 
limiting frequencies is also the upper limiting frequency of U^(w). 


Figure 2,b shows a case where all the assumptions (28) are satisfied. 

The limiting frequencies of the voltage components obtained in the above manner 
are expressed by the limiting frequencies of the three current components. It 
can be found that the assumptions (28) are only satisfied for this case when the 
following relationships apply: 




,-r! 


W0,Io< 2«l,0u- < <Ul.tu? 

O < 2 (00.1 u » C.’l.lo — u < «l,Ou • 


(29) 


l n the other case (wo.i u > 2 wi.oo) , the following relationships must hold: 


2«>J,00< W0,ln» «l.0o<^ 2ft>i,0u» 

<«0.1o — OJ0.1u<T 6*1,0 a • ^ ' 

tui,io<2wo.iu* wi.iu< Wi.ou 

' i 

. Relationships for Spectral Energy Density. 

In order to derive relationships which are the generalizations o± the 
Manley-Rowe relationships to non-periodic frequency band limited time functions, 
we will now again consider the general case. According to equation (28), we 
have the following for the spectral energy density: 






o* 


i_ U (u>) /*(«) = *- 2 !'»:(<■>) ■ ^ 3;L ^ 

2 T. “ Hi 

The components of the spectral energy density in (31) are divided by w and are 
integrated over W. In addition, the integrals which are formed are then multi- 
plied with a coefficient n.. the sums are formed over the sub- 

scripts ni. Using the Parseval equation and using equation (26), we obtain the 
following system of q equations after exchanging summation and integration fun& 
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tions: 


2 »j J 


r;.(«) Cm 


<1« =S 

) 

(— j) J 2 M J»«.( , )ff«(0d*. 


( 32 ) 


If we substitute the expression from equation (23) for uV^(t) , then we find the 
following for the sum on the right side of equation (32) , which will be called 


S: 


= 2 2 2 "j & W *" 

in ifjj itti 

*** 9 nu * 


(33) 


We can now show that this sum and therefore the expression on the right side of 
equation (32) vanish identically. .For this purpose, -let us assume that we have 
-written down' -f-'lexpress ions which" are' derived from S as follows: In order to ob- 

tain the first r -1 expressions, we wili only consider one. of the.-r .--l renamed 
quantities 


m»*— : > — Hw , 


2 < k ^ r 


In this renaming, _ all.. of. _ the. other -subscripts remain ‘ unchanged . The last ex- 
pression is obtained by the transitions 

»t -> — (n\ ~ «2i “ »rl} , 

»f — rr;>( — — n fi — > — 3i,- 

and the subsequent renaming n^ -f' n^. Since we. are only dealing with. renaming of 
the summation subscripts which all run from - “ to + «, the sum remains unchanged 
as a whole. .If each subscript has a certain value, then however another sum term 
appears in each sum.’ These’ sui terms, however, agree with the sum terms in the 
original sum except for the coefficients n_. . This is because in the renaming, 
two factors -of the sum terms go over into one another arid the other factors-re- — ^ 
main unchanged . Therefore, only the coefficients n_, are changed. 


Tf we obtain the- r -expressions- obtained to obtain the original expression 
for S, then next to each sum term of the multiple sum we have the coefficient 

iij — n z) — ~ ■” — — 

— (llj — 7(?/ — 7(3/ — “* — M r}) ~ 0 . 

The sum of all the expressions is therefore zero. Since this is (r + 1) of S, 

S vanishes identically. Therefore, from equation (32), we obtain the following 
relationships (a total of q equations) , 
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(34) 


v 

A. 

m 


"1 J 






dw = 0 , 


i <rr<i- 


Out- of -the components I^.(u) and we can summarize to eacn to a 

component' or U^Cu), in which all of the subscripts ni only differ by the 

sign. I .(to) and U^uo) are spectral functions of real time functions. Equa- 
tion (34) can now be converted so that I ni (to) and U^Cw)- occur instead of I n± (u) 
and U' .(to). In addition, two components -of .the spectral energy density are 
"summarized .into one as follows: - 


u:.c<» y /;,(«>"* M'-i- • 


(35) 


■In equation (34) the -integrand .-to must be replaced by |to] in the denominator;.--;--- i-v 
This would lead. to. .a change. rin^the -sign -if ^ 'and lie along the negative 

frequency axis. Therefore, coefficients must ’be introduced which take on the 
■values +1 or -1 depending nn the oosition of these frequency - regions . Therefore, 
equation (-34) becomes 



“ “ “ r„.V *.{«>) I'nM>) A 

2- J 2rlwi} - dw = 0 ' 

(36) 


. 1 jS/jS*-* - 


with - 

- l-i- 1 if- -«>>()- foT ; ... /;,» .4! 0 

e "' ~ 1 - 1 , ~if”‘ « < 0 f or /;„ («) =r 0 . 


For a case with three current components (this does_not have to be,.the ,casq^ 

with the quadratic nonlinearity) where' the components I[ 0 (to) » I ^.l Cw) and 
I' (u) lie along the positive frequency axis, so that the three coefficients 
e * , e and e n 1 take on the value +1, the relationships (36) have the 


following form: 


7 fi.o(«) /;*(«) iU J. f i 1 - 1 d«=0 , 

>) 

: 1 «[ 


7 t-Vi («) r », («) d ^ 7 £}•« M ^ dw «0 
J 2nimi ■ ■ -l M*>! 


(37) 


Such a case, for example, occurs in a parametric amplifier. 
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5. Nonlinearity Corresponding to a Polynomial 

We will now assume that the characteristic of the nonlinear capacitor is 
represented by a polynomial of degree r instead of equation (1) : 

H = a l q -i- aiq* -i- • • -f a f q r (38) 

We can think of this as a dipole having a characteristic corresponding to r 
switching elements switched in series. Each of these has a characteristic corre-' 
spending to a power function which makes up the polynomial. The voltage contri- 
butions over the switching element with a characteristic (38) is then equal to 
the sum' of the corresponding components for the individual circuit elements. 

If the relationships (34) apply for each of the r switching elements, then 
these apply also for. the capacitor with the characteristic (38) because in 
equation (32) u^(t) can be replaced by the sum of the corresponding components 
from the individual circuit elements and the expressions produced in this way 
are then zero. 

6. Parametric Amplifiers and Mixers 

We will now shoxi? the information one can obtain using the relationships 
obtained above for parametric circuits. We will consider the case with three 
frequency bands limited components of spectral energy density. In the replace- 
ment circuit of Fig, 1, for this case the AC voltage sources must be replaced by 
sources for non-periodic and frequency band limited voltages. If we assume that 
leach ~cpmponent~has a, real part which has the same sign for all values of a), we 
have' the.following 



< 

(39) 

For example, for a quadratic nonlinearity we can usually show that this applies 
for a parametric amplifier. The quantities and Wl>fto are the limiting 

frequencies of /i.o(«) G.nM • Corresponding relationships apply for /o.:("h i’,* i («) 

... ' i 1 ’ ; 

and /uWUjlwj . If the energy components in the individual circuits are called 


l 1 

‘''•l.Ou 


1 1 . o' (<’>)■(!'. u(<») 


,d«> 
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then we obtain 


E l,0* E 0,l and E l,l* 


J?m! 

< 01,00 


f A,n(f») 

J ‘ 


l 7i.n<o)f u,M , J5 i.o 

I "> I : < 01,0 u 


and the corresponding inequalities for E^ ^ and E^ In addition, we have the 
following inequalities from equation (37) i 


JM <,^..1 1 ■ 

Wl,Oo «l,lu 


\£}A > l £ i.ii t 

«i,ou <oi,lo 


(40) 


as well as four similar inequalities for E^ ^ and E^ ^ or ^ and Eq In 

addition, from equation (37) we find that E.J ^ and E^ ^ have the same signs, 

whereas E and E- . have different signs. If one of the three energy com- 
X)U x ? x 

ponents is known, then from (40) and for additional inequalities we obtain the 

limits for the contributions of the two others.- If instead of the non-periodoc 

time function i (t) . we have a sine' function with the frequencies co 1 , , then 

in (40) , a), q and (o, » must be replaced by . 

X » Xu X p XO X j X 


7. Discussion 


of POOR 9*** 


First we will show the relationship between relationships (36) and the 

Manley-Rowe equations. For sinusoidal time functions with complex amplitudes 

U 1 . or I’ . and the frequencies u we obtain the following spectral functions 
ni ni ^ m’ 

bjt,(w) — V r , d(o> — co,„) + 4’„* d(w -f- (o, u ) , . 

I*, (w) = I„,d(oj — co*,) 4 I,,} d(oj -f- <o,„) . 


Since the spectral energy density does not exist for the sign functions, then in 
this case in equation (36) the quantities U . (ui) I n ^(fo) must be replaced by the 
spectral power densities — 7,„d + w «<) . Then for the inte- 

grals in (36) , we obtain 


f e„,\U’n<l'm d(«» — <>»«,) 4* t-»r /«.d (<0 4 «!»,)] 




dco= ‘ 


n' ]’• j. rr" /' 

v 1 Hi t V »i 1 Hi 


(41) 


In the denominator on the right side of equation (41) , we have the power compo- 
nents P . and therefore the relationships (36) become the Manley-Rowe relation- 
al 


ships : 


Y •• 

Hi tt ~Oo 


Y 


_ *2 o. 

hj ' 0 i» f »i t - co 


i 


(42) 
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In the derivation of equation -(36) we assumed a nonlinearity which corre- 
sponds to a polynomial, and we show that these relationships do not hold exactly 
for a strong nonlinearity. In contrast to this, the Manley-Rowe relationships 
apply for a unique hut otherwise arbitrary characteristic if the basic frequen- 
cies are non-commensurable [1]. We obtain a number of independent relationships 
equal to the number of non-commensurable frequencies. Manley and Rowe [1] as- 
sume two basic frequencies and therefore obtain two relationships, . the relation- 
ships (42) for q = 2, 


Relationships such as (36) and (42) have practical applications in the 
case where one wishes to have information. about the energy and. power parts corre- 
sponding to the individual subcircuits of a 'circuit. Such information cannot be 
obtained using' the Manley-Rowe relationships (42) without further restrictions. 
Manley and Rowe therefore assume that the power components only occur for in- 
dividual frequencies, whereas the other components are suppressed by ideal fil- 
ters. For example if in each of these circuits of a parametric amplifier there 
is only one .power component, . then, we have the following simple relationship for 
these components: 


£h*- . = 07 /><u -f- 1>u . - = 0. 

OJ i 1 Oil — 0>i ’ <»i ' Ml T W2 


(43) 


Using, equation- -(43)--- one -can '- then' 'obtain information about the sign and the magni- 
tude of the power levels in the three circuits. This is possible because in 
each of the three equations, there are only two power levels,- and -each. of. ..them 
is "equal to the total power corresponding to a single circuit. 


If on the other hand we assume that we have filters with throughput regions 
instead of ideal filters, which have a width which is not equal to zero, then 
for strong nonlinearities (for example, corresponding to an exponential function) 
-we -have not .only the three frequencies co^ and but also all of the 

other combination frequencies which fall within the pass range of the filters. 

If we write down the Manley-Rowe relationships for such a case, then in each of 
the relationships we have power components from all of the. three circuits-under 
■•the sum in each relationship. We cannot obtain- -information aDOut- the power 
levels in the individual circuits because the power components in the circuit 
cannot be summed up and cannot be separated from those in the other circuits, 
because we do not have the same coefficients n^ in the other components. 
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The relationships derived in the present paper, however, - "allow one to 
obtain -information 'about the energy components in the individual circuits even 
for the case where one does not assume ideal filters. However, certain assump- 
tions must be satisfied for the nonlinearity of the reactance" and the widthr of 
.the pass range of the filters. 

We would also like to point out that energy relationships such as the ones 
derived here can be derived in a. similar manner f of : nonlinear capacitances where 
q = q(u) is a polynomial, as well as for nonlinear inductances and nonlinear 
mechanical systems rath out. .losses. 

In addition, we can generalize the relationships of Manley and Rowe. for 
the reactance components in a nonlinear active -resistance to frequency ' ‘hand * 
limited time functions. ' One then obtains relationships different from (36) 
due to the fact that integrands are expressions like 

£7*,(«) i',' {<■") — iVu (w) !*,{<’>) • 

which are the imaginary parts of the spectral energy density components. 

In conclusion, we would like to mention that similar relationships to 
those use'd here for processes with finite energy can be found for processes 
with nonfinite energy content such as those used for a treatment of noise. 
Relationships for both cases apply for linear capacitances which vary in time [8] 


(Received October 14, 1977.) 
List of symbols used: 



Time function . 

complex in the subscripts Current 

/{'•*)- /*,('•»)• Spectral functions J 

Q(<“)- Q'„, (••>). Qh, Charge 

u(0.w«,( 0. f ,’,(<«), Voltage 

<*(<••>) . Delta fun ct ion 

<■> Circular frequency 


= 2 nii-ii 
f-1 


Frequency intervals 


*'** fm * *'■**•• . - . 

co oo oo 

2=2 2 - 2 

m It* ** “ <x> 

70-:' -- 

r> 


“Limiting frequencies 

I 

Zercr set (empty set) 
Avera ge o f two sets 
Complex conjugate 
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